Laplace transforms

Definition

Let f be a function defined for ¢ > 0. The Laplace transform of f is:

00 b
L{f(t)}:/o e Stf(t)dt = lim /0 e SUF(t) dt

provided the integral converges. We write £{f(¢)} = F(s). The transform converts a function of
t into a function of s.

Existence: If f is piecewise continuous on [0, c0) and of exponential order c (i.e. | f(t)] < Me*
for large ¢), then £{f(t)} exists for s > c.

Linearity: L{af(t) + Bg(t)} = aL{f(t)} + BL{g(t)}

Table of basic transforms
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Transforms of derivatives

L{f'()} = sF(s) — f(0)
L")} = s’ F(s) = s£(0) = f(0)

L{fM(B)} = s"F(s) = s f(0) = s"2f/(0) —--- = f7D(0)
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Note: These formulas automatically incorporate the initial conditions, which is why the Laplace
method is especially powerful for IVPs.

Solving an IVP with Laplace transforms

IVP in y(t) PV L Algebraic equation in Y (s)
T i
y(t) = LY (s)} LBYE Solve for Y (s)

Strategy:

1. Apply L to both sides of the DE. Use the derivative transform formulas to replace ¢/, v,
etc., substituting the initial conditions immediately.

2. Solve the resulting algebraic equation for Y'(s).

3. Use partial fractions and the transform table to find y(t) = £~ *{Y (s)}.

Example: Solve y”" — 3y’ + 2y = e*, 4(0) = 1, 4/(0) = 0.
Step 1 — Apply £:
[s*Y — 5(1) — 0] — 3[sY — 1] +2Y = %
s _
1

V(s?-35+2) —s5+3=——
(s s+2)—s+ P

Step 2 — Solve for Y:
1 s—3

(-D-1(-2)  (s-1)(5-2)
Step 3 — Partial fractions and inverse: Decompose each term over the linear factors, match
the table entries, and apply £.

Y =

First translation theorem (s-shift)

L{e" f()} = F(s — a)
L7HF(s —a)} = e £ (1)

To apply the inverse: complete the square in the denominator to expose the form (s — a)? + k?
or (s — a)? — k2, then read off the shift.

5s
E le: Eval ate£*1 —_— .
xample: Evalu {32—23—8}

Solution: Factor the denominator: s? — 2s — 8 = (s — 1)? — 9. Rewrite 55 = 5(s — 1) + 5:

5s s—1 5 3

Go17-9 2 (5-12-9 "3 (5-12-9

L7} = 5e' cosh 3t + 3¢’ sinh 3¢

[
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Unit step Function and second translation theorem (t-shift)

The unit step Function (Heaviside function) switches on at ¢ = a:

0 0<t<a
Ult—a)=
1 t>a

A piecewise function can be rewritten using U:

ft) = = g(t)+ [n(t) — 9] U(t — a)

h(t) t>a

{g(t) 0<t<a

Second translation theorem:
L{f(t—a)U(t—a)} =e *F(s) E_l{e_asF(s)} =f(t—a)U(t —a)

Note: To use the inverse form, the factor e~** must multiply an expression F'(s) whose inverse

f(t) is known. The result is f shifted right by a and switched on at ¢ = a.
—2s
Example: Evaluate £~1 -5},
xample: Evaluate £ {52+s—2}
Solution: Ignore e~2% temporarily. Factor: s> + s — 2 = (s — 1)(s + 2). Partial fractions:

1 /3 1/3

(s—1)(s+2) s—1 s+2

Restore the shift (a =2):  L£71{---} = f(t —2)U(t —2) = L (e!72 — e 2D U (¢ - 2)

Derivatives of transforms (multiplication by ¢)

dTL
L{f(O)} = (=1)" S F(s)
Example: £{tsin2t} = _dils <523L4> _ (32f4)2

Convolution

The convolution of f and g is:

(f % g)(t) = /0 f(r) glt - 7)dr

Note that f x g = g = f. The convolution theorem converts a product of transforms into a convo-
lution in the time domain:

L{fxg} = F(5)G(s)  LTHF(s)G(s)} = fxg
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Caution: L{f(t)-g(t)} # F(s)G(s). The convolution theorem applies to the convolution f * g, not
the pointwise product.
Special case — Laplace transform of an integral:

E{/Otf(f)df} = Fff') L—l{l?} = /Otf(f)df

1 . .
Example: Evaluate £71{ ——— } using the integral formula.
s(s?+1)
Solution: Write B Since £~1 L =sint:
) s(s2+1) s s241 241 )

. 1 b t
L —_— 5 = sinTdr = [—COST} =1-—-cost
s(s2+1) 0 0

Solving IVPs with discontinuous Forcing

When the forcing term g(t) is piecewise, rewrite it using unit step functions before applying L.

1 0<t<2
Example: Solve y"" + 2y’ — 3y = g(t) where g(t) = { ,4(0) =0,y (0) =0.

5 t>2
Step 1 — Rewrite g(t): g(t) = 14+ 4U(t — 2)
Step 2 — Apply £:

9 1 4de?
Y +2sY —3Y = -+
S S
1 4e=28 1 4e=2s

:s(s2+2s—3)+s(32+23—3) _S(S+3)(8—1)+S<S+3)(8—1)

1

Step 3 — Partial fractions: Both terms share the same rational factor H(s) = ————.
s(s+3)(s—1)

Decompose:
1 1 1 1 1 1 1 1 1
H(s) = —— .- 1 — L= T P
=35t sist1 51 T MW=—3te e
Step 4 — Restore the shift:
y(t) =h(t) +4h(t —2)U(t —2)
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Summary of key properties

Property Formula
Linearity L{af + Bg} = aF(s) + BG(s)
Derivative L{fMY} = s"F(s) — s"7Lf(0) —--- — FO=1(0)

First translation (s-shift) L{ef(t)} = F(s —a)

Second translation (¢-shift) | L{f(t —a)U(t —a)} = e *F(s)

Multiplication by " L{t"f(t)} = (=1)"F(™)(s)
Convolution L{f*g}=F(s)G(s)
t
Transform of integral E{/ f(r) dr} = ng)
0
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