Trigonometric substitution

When to use trigonometric substitution

Use trig substitution when the integrand contains a square root of a quadratic expression that
cannot be simplified by ordinary substitution. The three forms and their corresponding substi-
tutions are:

Expression | Substitution Identity used Restriction on ¢
a2 — 12 z=asind | 1—sin’0=cos?d —ggﬁgg

Va2 + 22 rz=atand |1+tan?d=sec?d —g<9<g
x2 — a? r=asech |sec?h—1=tan’0 0§0<g(ifx>0)

Strategy:
1. Identify the form and choose the substitution.
2. Substitute for x and dx; simplify the square root using the trig identity.
3. Evaluate the resulting trig integral.

4. Back-substitute using a reference triangle to express the answer in terms of z.

Reference triangles

After integrating, back-substitution requires expressing trig functions back in terms of x. Draw
aright triangle consistent with the substitution, label two sides, and read off all ratios.

a va? 4+ z2 T
x x N2 — g2
Qm 0 a 0 a

Tz =asin® xz =atand r =asech

Case 1: Va? — 22, substitute x = asin6

1
Example: Evaluate | ——— dz.
P 22y/9 — 2

Solution: Here a = 3, so let z = 3sin 0, dz = 3 cos# db. Then:

V9 — 22 =1+v9—9sin’0 = 3cos b
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/ 5 ! .3c059d9:/ .12 d9=1/csc29d0:_c°t9+c
9sin“0-3cosf 9sin?0 9 9

Back-substitute: From the reference triangle with z = 3 sin #: the opposite side is x, hypotenuse

\/O _ 2
is 3, so the adjacent side is v9 — z2. Thus cot§ = S .
X
1 V9 — 22

+C

229 — 22 do =~ 9z
Case 2: v a? + 22, substitute z = atan 6

,/4 2
Example: Evaluate/ R dz.
X

Solution: Let z = 2tan#, dz = 2sec? 0 df. Then:

V4 + 22 =Visec9 = 2sech

2sech 9 sec® 0 sec?§ - sect
/2tan0 sec”.df / tand d0 / tand d0

Write sec26 = 1 + tan? 6 and split:

2
2/(1+tan 9)sec9d9_2/5‘eC9d9+2/sec0tan0d0_2/csc9d9+25ec9
tan o tand

=2ln|csch — coth| +2sech + C

Va4 + 22 V4 + x? 2
5 , C ,cotld = —:
xr X

Back-substitute: From the triangle, secd = sch =

+C

Vit a? NZER.
/ T o= Var a2 4ol |22
x i

Case 3: V22 — a?, substitute z = asec/

1
Example: Evaluate / ——dux.
? Vi — 16
Solution: Let x = 4sec, duz = 4secHtand db. Then:

Va2 —16 =V 16tan?H = 4tand

/4sec9tan9

1tan? d@z/sec0d9:ln\sec9+tan6\+0

V2 —16

Back-substitute: From the triangle, secd = Z andtand = —

x+Vz2—16

n 1

+C

1
- =
/\/.@2 —16
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