Fourier transforms

From Fourier series to Fourier transform

Fourier series represent periodic functions. For non-periodic functions defined on (—oo, o), we
use the Fourier transform.
Think of it as taking L — oc: the discrete frequencies “* become a continuous spectrum.

Definition
The Fourier transform of f(z) is:

FU@) =Fe) = [ f@e i
The inverse Fourier transform recovers f(z):

FUP@) = 1) = o [ Fl)er s

o o

Note: Different textbooks use different conventions for where to place 27 and the sign in the
exponent. Always check which convention your course uses.

Time Domain

s(t)

Frequency Domain
S(w)

Alternative symmetric convention:

F(w) = \/:;771_ /_Oo f(«fﬂ) e—iwm dx f(SC) = \/12771_ /_OO F(w) eiwx dw

Existence conditions

The Fourier transform exists if:
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[e.9]

e f(x) isabsolutelyintegrable:/ |f(z)]dx < o0

—00

* f(x)is piecewise continuous

Common Fourier transform pairs

f(@) F(‘;) = F{f(x)}
el (a>0) Waw?

e (a>0)

1 |zl < i
rect(x){ ol <2

\/7 o /(da)
a

cinc (g) _ sin(w/2)

0 |z[>1% 2 w/2
5(x) 1
1 210 (w)
giwor 2m6(w — wo)
cos(wox) T[0(w — wp) + 6(w + wp)]
sin(woz) 2 18(w — wo) — 8(w + wo)]

]

Properties of Fourier transforms

Let 7{f(z)} = F(w) and F{g(z)} = G(w).

Property Time domain | Frequency domain
Linearity af(z)+ bg(z) aF(w) 4+ bG(w)
Time shift f(z — ) e~ W0 [ (w)
Frequency shift e f (1) F(w — wp)

. 1 w
Scaling f(ax) mF <E>
Time derivative f(x) iwF(w)
n-th derivative ) (z) (iw)"F (w)
Multiplication by x zf(x) zﬂ

dw
Convolution (f*g)(x) F(w) - G(w)
Multiplication F@) - g(@) %(F £ G)(w)
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Example: Computing a Fourier transform

Find F{e 321},
Solution: Using the formula with a = 3:

00 . 0 . o0 .
F(w) — / e—3|m\6—zwm dr = / 3T e—IT 1. +/ e 3T T .
—00 —00 0

0 00
_ / 6(37iw)x dr +/ ef(3+iw)x dx
—00 0

6(371'0.;)1 0 67(3+iw)x

o0
N 3 —iw —oo+—(3+iw)0
1 I (BHiw)+(B—iw) 6

3—iw  3+iw  (3—iw)(3+iw) 9+ w?

2a
This matches the table entry — P 5 witha = 3.

Example: Using properties

Find F{ze 221},

Solution: Use the multiplication by z property: F{zf(x)} = Z%'
4
2|z —
We know F{e 211} Trot
d 4 —8w —8iw
—2lzy _ ; _ . _
Flae™") " dw <4—|—w2> ! 44+ w?)? (44 w?)?

Convolution

The convolution of f and g is:

(f * o) / F(t) gz —t)d

Convolution theorem: Convolution in the time domain becomes multiplication in the frequency
domain:
F{fxg} =F(w)- Gw)

This is extremely useful for solving differential equations and analyzing linear systems.
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Parseval's theorem

Energy is preserved between domains:

/OO |f (2)[* dz = % /OO |F(w)]? dw

— 00 —00

Solving ODEs with Fourier transforms

Fourier transforms convert derivatives to algebraic multiplication, making differential equations
easier to solve.

Example: Solve ¢ — 4y = eI,

Step 1: Take the Fourier transform of both sides.

Using F{y/") = (i)Y (w) = Y (w) and F{e 1} = - wa:
WY ()~ 4Y () = —
w w w) = 1 +w2
Step 2: Solve for Y (w).
2
Vi)t ) = 1oy
2 -2

Step 3: Use partial fractions.

(14 w?)(4+w?) T 1+ w2 +4+w2

Solving: —2 = A(4 + w?) 4+ B(1 + w?)
Settingw? = —1: —2=34= A= -2
Settingw? = —4: 2= -3B= B =2

—2/3  2/3

YW =172t e

Step 4: Take the inverse Fourier transform.
Using F~! { 2a 2} — palal:
a w

2 1 1
eIzl 3 ZefZ\xl = _—e ol 4 22l

21
y(x)*—g'i

Fourier sine and cosine transforms

For functions defined on [0, c0):
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Fourier cosine transform (for even extensions):

IJﬂ@}zE@Q:Awfmkmwwdr

ﬂ@:A Fu(w) cos(ws) du

Fourier sine transform (for odd extensions):

Fs{f(x)} = Fy(w) = /OOO f(x) sin(wz) dz

2
us

flz) = A Fu(w) sin(wa) duw

Derivative properties:
fc{fﬂ(x)} = _WQFC(W) - f’(())
F{f"(2)} = —w’Fy(w) + wf(0)

Use the cosine transform when boundary conditions involve f’(0); use the sine transform when
they involve f(0).

Summary
Tool Use for
Fourier series Periodic functions on [ L, L]
Fourier transform Non-periodic functions on (—oo, c0)
Fourier cosine transform | Functions on [0, o) with even extension
Fourier sine transform Functions on [0, co) with odd extension
Student Learning Support, Teaching and Learning Centre | ontario A

studentlearning@ontariotechu.ca
ontariotechu.ca/studentlearning

This document is licensed under Attribution-NonCommercial 4.0 International (CC BY-NC 4.0).
BY NC

UNIVERSITY


mailto:studentlearning@ontariotechu.ca
https://www.ontariotechu.ca/studentlearning
https://www.creativecommons.org/licenses/by-nc/4.0/
https://www.ontariotechu.ca

