Euclidean algorithm

Greatest common divisor

The greatest common divisor (GCD) of two integers a and b, written gcd(a, b), is the largest
positive integer that divides both a and ».
Example: ged(12,18) = 6 because 6 is the largest number that divides both 12 and 18.

The Euclidean algorithm

The Euclidean algorithm finds gcd(a, b) efficiently using repeated division.
Key idea: gcd(a,b) = gcd(b,a mod b)
Steps:

1. Divide a by b to get quotient ¢ and remainderr: a=0bg+7r
2. Replace ¢ with b and b with r

3. Repeat until the remainder is 0

4. The last non-zero remainder is the GCD

Example: Find gcd(252, 105).

252 =105-2 + 42
105 =42-2 421
42=21-2+40

The last non-zero remainder is 21, so gcd(252, 105) = 21.

Example: Find gcd(1071, 462).

1071 = 462 - 2 + 147
462 =147 -3+ 21

147=21-740
Therefore, gcd(1071, 462) = 21.
Example: Find gcd(89, 55).
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89 =55-1434

55 =34-1+21
34=21-14+13
21=13-1+48
13=8-145
8=5-143
5=3-142
3=2-1+1
2=1-240

Therefore, gcd(89,55) = 1. (These numbers are coprime.)

Extended Euclidean algorithm
The extended Euclidean algorithm finds integers = and y such that:
gcd(a,b) = ax + by

This is called Bézout's identity.

Method: Work backwards through the Euclidean algorithm, expressing each remainderin terms
of a and b.

Example: Find 2 and y such that gcd(252,105) = 252z + 105y.

From the Euclidean algorithm:

252=105-2+442 = 42=252-105-2
106 =42-2421 = 21=105-42-2

Now substitute backwards:

21 = 105 — 42 - 2
=105 — (252 — 105 - 2) - 2
=105 —252-2+105-4
—=105-5—252-2
=252 (=2) +105-5

Therefore,z = —2and y = 5.
Check: 252(—2) 4 105(5) = —504 + 525 = 21 v/
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Applications

Application How GCD is used

Simplifying fractions % in lowest terms: divide by gcd(a, b)

Modular inverses a~! mod n exists iff gcd(a,n) =1

Solving ax + by = ¢ | Has integer solutions iff gcd(a, b) | ¢

Cryptography Finding modular inverses for RSA, etc.

Finding modular inverses

Tofinda~! mod n (when gcd(a,n) = 1):
1. Use extended Euclidean algorithm to find z such that az + ny =1
2. Thena™! =2 (mod n)

Example: Find 77! mod 26.
Find = such that 7z + 26y = 1:

26=7-3+5
7=5-14+2
b=2-2+41
Back-substitute:
1=5—-2-2

=5—(7—5)-2=5-3—7-2
=(26-7-3)-3-7-2=26-3—7-11
=7-(~11)+26-3

Sozr =—-11=15 (mod 26).
Therefore, 77! = 15 (mod 26).
Check: 7-15=105=4-26+1=1 (mod 26) v

Quick reference

Task Method
Find gcd(a, b) Euclidean algorithm: repeat a = bg +r
Express gcd as ax + by | Back-substitute through the algorithm
Finda~=! mod n Solve ax +ny = 1,thena ! =z
Check if coprime gcd(a,b) =1
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