
11 Oscillations

Simple HarmonicMotion

An system with a restoring force that’s linear (or approximately linear)
undergoes oscillatory motion called simple harmonic motion.

• An example of a linear restoring force is Hooke’s Law for springs,

F = −kx.

• The system is described by the differential equation

d2x

dt2
= −ω2x.

• The general solution to the differential equation is given by

x(t) = A cos(ωt+ ϕ0),

where

– A is the amplitude of the motion,
– ω =

√
k/m is the angular frequency, and

– ϕ0 is the phase constant, determined by the initial condi-
tions.
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Velocity and Acceleration

We can calculate the velocity from the position,

v(t) =
dx

dt
= −ωA sin(ωt+ ϕ0).
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We can then calculate the acceleration from the velocity,

a(t) =
dv

dt
= −ω2A cos(ωt+ ϕ0).

Note that a(t) = −ω2x(t) as we expect.
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Period and Frequency

The time is takes to complete one full oscillation is called the period, T .
The frequency f is the number of oscillations per second,

f =
1

T
,

and is measured in hertz, 1 Hz = 1 s−1. The angular frequency ω of the
motion is related to the frequency and period by

ω = 2πf =
2π

T
.

Energy in Simple HarmonicMotion

The potential energy for an object in simple harmonic motion is just the
elastic potential energy,

U =
1

2
kx2.

If mechanical energy is conserved,

Emech =
1

2
mv2 +

1

2
kx2 =

1

2
mv2max =

1

2
kA2.

The Pendulum

The pendulum is an oscillating system. If the angular displacement of
the bob remains small, then the small angle approximation can be used
to write the differential equation describing the pendulum motion as

d2θ

dt2
= −ω2θ,

where ω =
√

g/L in this case. This equation is similar to that for simple
harmonic motion, so the pendulum also undergoes that type of motion:

θ(t) = θmax cos(ωt+ ϕ0).

DampedOscillations

If a system experiences a linear restoring force and a drag force Fdrag =
−bv, where b is called the damping parameter, then the differential equa-
tion that describes the system is

d2x

dt2
=

b

m

dx

dt
+

k

m
x = 0A.

This has the solution

x(t) = Ae−bt/2m cos(ωt+ ϕ0),

where the angular frequency is now

ω = sqrt
k

m
−

b2

4m2
.

The mechanical energy is not conserved in damped oscillations:

Emech = E0e
−t/τ ,

where E0 = 1
2
kA2 = 1

2
mv2max is the initial mechanical energy of the

system, and
τ =

m

b
is called the time constant.

Joseph D. MacMillan | Licensed under CC BY-NC-SA 4.0. Mechanics

1


